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S T R U C T U R E  O F  A F R E E  S T R E A M  O F  N I T R O G E N  

A.  K .  R e b r o v ,  S .  F .  C h e k m a r e v ,  
a n d  R .  G.  S h a r a f u t d i n o v  

The s t ruc ture  of a f ree  s t r eam behind underexpanded nozzles  is studied in relation to geometry  of 
the position of shock waves and boundaries of the s t r eam.  A reduction in the p res su re  level leads to a sub-  
stantial  thickening of the la tera l  jumps of the compress ion ,  and of the Math  disk, and also to an increase  
of the viscosi ty  effects in the flow core .  The experimental  data available [1, 2] do not enable us to evaluate 
the influence of rarefac t ion  on the s t ruc ture  of a f ree  s t r eam.  Systematic r e sea rch ,  based on the m e a s u r e -  
ment of the density distribution, was therefore  undertaken. 

By using an e lec t ron  beam the density distributions on the axis of the s t r eam and in the Maeh disk 
were obtained over  a range of Reynolds numbers  determined according to pa ramete r s  in a c r i t ica l  c ro s s  
section f rom 188 to 1990, and incalculabili ty f rom 40 to 2500. 

Descript ion of the Equipment and Methods of Measuring Density.  Experiments  were  ca r r i ed  out in 
an aerodynamic tube of low density [3]. A diagram of the working chamber  is given in Fig.  1. The working 
gas was supplied f rom the reducer  of the vessel  2 through the rheometer  3 into the mixing chamber  of the 
nozzle 4 or  through the la tera l  valve 5 straight  into the working chamber .  Measurement  of p r e s su re  in the 
nozzle mixing chamber  is c a r r i ed  out by a U-shaped manomete r  filled with dibutylphthalate 2. A set  of 
MaeLeod manomete rs  of the "]~alon" type 6 is used to measu re  p r e s s u r e  in the working chamber .  The ac -  
curacy  of the p r e s s u r e  measuremen t s  was within 1 to 3%. 
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Fig. 1 

Trans la ted  f rom Zhurnal Prikladnoi Mekhaniki i Teklmieheskoi Fiziki, No. 1, pp. 136-141, J a n u a r y -  
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An electron gun is fixed in the lower par t  of the working chamber  (perpendicular to the plane of the 
figure).  The beam of e lec t rons  with an energy of 17.5 keV and a cur ren t  of 0.2 mA passes  through perpen-  
dicularly to the axis of the s t r eam.  The mixing chamber  4 together  with the nozzle is fixed on a two-com-  
ponent mechanized coordinator  with displacements  of 150 x 80 mm 2 . By using this coordinator  the beam of 
e lectrons can be passed through any point of the s t r eam.  The par t  of the luminous column of gas which is 
excited by the beam of e lec t rons  is focused by a quartz lens 8 onto the aper ture  of the monochromator  
SPM-2,  9, with a reduction by 1.5 t imes .  The aper ture  of the monochromator  was located perpendicular ly  
to the c lus ter  of e lec t rons .  Recording of the luminescence is ca r r i ed  out by the photomultiplier FEU-39, 10, 
and recording  of the photomultiplier cur rent  was ca r r i ed  out by the potent iometer  EPPV-60,  11. 

Density Measurement .  The density measuremen t  was ca r r i ed  out according to the intensity of r ad ia -  
tion, excited by a beam of e lec t rons  in the visible region of the spec t rum [4]. The intensity of the chosen 
band of ni t rogen is given by the express ion  

ff = Ch cvj~ A jkn  j (1) 

Here j is the upper excited state,  k is the lower state,  h is P lanek ' s  constant,  Vjk is the t ransi t ion 
frequency,  Ajk is the probabil i ty of spontaneous transit ion,  nj is the number  of par t ic les  in the upper e lec -  
t ron state,  c is the speed of light, and C is the ins t rument  constant .  

The population of the upper excited state nj is determined by the express ion  

nj --  izoj (0) no (2) 

Here i is the cur ren t  of the e lectron beam, o-0j{v) is the c r o s s  section of excitation of the upper state, 
and n o is the number  of molecules  in the ground state.  

ttence accurate  measurement  of the cur ren t  of the beam of e lec t rons ,  and of the radiation intensity, 
is neces sa ry  for  density measurement .  The usual procedure  is to plot a cal ibrat ion relationship between 
the radiation intensity and the gas with a known density, and use it for  determining the density in unknown 
conditions. 

A number  of requi rements  are  l is ted for  the relat ionship between the suitability for density m e a s u r e -  
ment  and the choice of the section of the spect rum,  especial ly:  

a) the intensity of the selected lines or  s t r ips  must  be sufficiently high to guarantee a good m e a s u r -  
ing accuracy;  

b) the l ifetime of the excited level  f rom which radiat ion takes place must  be small  (10 -7 to 10 -8 sec).  
If this condition is not fulfilled it leads to breakdown of radiat ion in the high-speed flow and an undesirable 
relat ionship with the speed. 

In o rde r  to avoid the influence of resonance absorption, it is desirable to choose a radiation which 
proceeds f rom the excited levels of ions (N +, CO +, etc.). With a view to decreas ing  the influence of second-  
a ry  e lec t rons  the upper excited level mus t  have a high energy.  In nitrogen the f i r s t  negative sys tem of 
bands sat isf ies all these requi rements .  The band (00) of this sys tem was chosen for  measuremen t s .  

The Order  in Which the Experiment  Is Conducted. Before the experiment  the vacuum sys tem is 
pumped to a p re s su re  of ~1#  Hg. The p re s su re  in the volume of the gun is hence ~10 -5 mm Hg. The p re -  
heater  of the cathode of the e lectron gun is then switched on, and it is heated for severa l  minutes.  Gas is 
then supplied through the nozzle into the working chamber ,  and the presence  of the cu r ren t  of the beam on 
the col lector  is verif ied by the m i c r o a m m e t e r  M = 95. By using the coordinator  the nozzle is guided right 
up to the beam, and by la teral  displacement  of t h e c o o r d i n a t o r  of the nozzle unit relat ive to the fixed e l ec -  
t ron beam, a point in the flow is found in which the radiation intensity is maximum. 

A point situated on the axis of the s t r eam is found in a s imi la r  way by ver t ical  displacement  of the 
monochromator  9, which is fixed on a special  coordinator  14. After this the nozzle is removed,  the gas is 
supplied through a la tera l  valve, and cal ibrat ion of the radiat ion intensity is ca r r i ed  out using a gas with a 
known density.  The density was determined at room tempera tu re  and according to the p res su re  m e a s u r e -  
ment of the MacLeod manomete r .  According to the cal ibrat ion resul ts ,  the l inear i ty  of the relat ionship be-  
tween the radiation intensity and the density is maintained up to a p r e s su re  of about 90 # Hg. 
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T A B L E  1 

mm Hg 

32.4 
32.5 

t .  32.7 
32.8 
32.9 
28.4 
28.5 

:2. 2 8 . 5  
28.9 
28.8 
t6.0 
t6.0 

:3. 16.0 
t6.0 
t5.8 
t0.75 
i0.9 

'~. 10.9 
t0.9 
t0.9 
6.t5 

5. 6.t2 
6.10 
6.t0 

5 . 7  
5.85 

6. 5.92 
6.00 
3.82 
3.76 

7. 3.69 
3.88 
3.81 
3.27 
3.28 

:8. 3.3 
3.3 
3.3 
2.74 
2.74 

:9. 2.76 
2.76 
2.73 
t.  965 
t.95 

~10. t .945 
1.965 
t .979 
4.74 
4.74 

~. 4.74 
i.  4.74 

4.74 
4.74 
4.74 
t.333 

t2.1.322 
1.30t 
1.32 

Pk. tO-a. 
mm Hg 

t2.8 
20 
29 
37.t 
5O 
11 
t7.2 
25.6 
32 
43 
7.5 

14.2 
14,6 
17.6 
27.7 

5.2 
6.4 
9.5 

t2 
16.2 

3.3 
4.6 
6.8 
9.5 

12.5 
28.5 
33 
51 

"Lt8 
t t .1  
16.5 
22 
32..5 

8.2 
10 
14.8 
t8 
27.t 
7.0 
8.1 

t2.8 
15.5 
22.5 
5.06 
5.95 
8.9' 

10.8 
17.6 
t0 
16 
22 
34 
4O 
52 
58 
4.2 
6.4 
7.2 

t t . t  

R, 

990 
994 
001 
005 
010 
740 
742 
742 
772 
764 
977 
977 
977 
977 
967 
657 
67O 
670 
670 
670 
376 
375 
374 
374 

8t4 
835 
842 
857 

545 
535 
530 
553 
544 

466 
468 
47O 
47O 
47O 

392 
392 
393 
393 
389 
280 
278 
277 
28O 
282 
672 
672 
672 
672 
672 
672 
672 
190 
t89 
t86 
t89 

PdP k 

2500 
1630 
ti20 
885 
658 

2580 
t660 
11t2 
903 
670 

2t40 
tt25 
t097 
910 
573 

207O 
t704 
tt50 
908 
673 

1863 
1330 
898 
642 
456 
213 
180 
1t7.8 
435 
338 
224 
176 
t17 

390 
328' 
223 
183 
121.8 
392 
338 
216 
t78 
121.6 
390 
32O 
219 
182 
1t2.3 
474 
296 
2t5 
139 
1t8 
91 
8i .5 

317 
206 
t81 
ii9 

pdp, 

3.52 
4.2 
4.39 
4.17 
3.84 
4.06 
3.16 
4.37 
4.34 
& 96 
2.14 
2.34 
3.06 
3.37 
3.86 

1.55 
t.69 
1 . 9 7  
2.3t 
2.64 
1. t2 
1.20 
1.342 
1 .50  

3.8 
4.35 
4.23 
3.76 

2.47 
2.9 
3.49 
3.96 
3.98 
2.5 
2.6 
3.04 
3.48 
3.76 

1 . 9  
2.0 
2.6t 
2.78 
3.36 
i .47 
1.576 
1.80 
t.95 
2.38 

3 
3.73 
4.05 
4.16 
4 
3.8 
3.62 
1.t9 
t .295 
1.34 
i .55 

KM 

0.052 
0.0412 
0.0342 
0.0303 
0.0260 
0.0595 
0.0475 
0.0389 
O. 0345 
0.0300 
0. 096 
0.0697 
0.0688 
0.0627 
O. 0500 

0.t405 
0.1265 
O. t03  ' 

0.092 
0.079 

0.234 
0.198 

0.t635 
O. 138 
O. 0533 
O. 0343 
0.0323 
0.0258 
0.0956 
0.0700 
0.0578 
0.0488 
O. 0408 
0.0883 
0.079 
0.0647 
0.0588 
0.0479 

0.t03 
0.0958 
0.076 
0.069 
0.0575 
0.t43 
0.1333 
0. t086 
0.098 
0.0765 
0.0655 
0.052 
0. O442 
O. 0356 
O. 033 
O. 0288 
0.0273 
0.19t 
0.1552 
0.t472 
0.t t8 

xM/d* 

33.5 
2f.l 
22.5 
t9.9 
17.2 

34.t 
27.3 
22.4 
20.2 
17.35 
30.9 
22.5 
.22.2 
20.2 
16.t 

30.5 
27.7 
22.7 
20.2 
17.4 

28.9 
24.5 
20.0 
t6.95 
14.32 
9.78 
8.98 
7.26 

13.95 
12.31 
t0.04 
8.9 
7.23 

13.21 
12.11 
i0.0 
9.05 
7.38 

t3.25 
12.3t 
9.85 
8.95 
7.38 

13.24 
t2.06 
9.9t 
9.04 
7.11 

14.6 
1t.51 
9.85 
7.9 
7.26 
6.4 
6.05 

11.9 
9.62 
9.00 
7.30 

A f t e r  c a l i b r a t i o n  t h e  g a s  i s  a g a i n  s u p p l i e d  t h r o u g h  t h e  n o z z l e .  In  o r d e r  to  r e c o r d  t h e  d e n s i t y  d i s t r i b u -  

t i on  a l o n g  t h e  a x i s  o f  t h e  s t r e a m ,  t h e  n o z z l e  u n i t  i s  m o v e d  a w a y  to  t h e  f u r t h e s t  p o s i t i o n ,  and  t h e  e l e c t r o n  

b e a m  i s  p a s s e d  t h r o u g h  t h e  s t r e a m  b e h i n d  t h e  M a c h  d i s k .  R e c o r d i n g  of  t h e  d e n s i t y  d i s t r i b u t i o n  i s  c a r r i e d  

out  f r o m  t h i s  p o i n t  w i t h  m e c h a n i z e d  d i s p l a c e m e n t  of  t h e  n o z z l e  u n i t .  

The  n o z z l e  i s  s t o p p e d  at  a d i s t a n c e  of  t w o  to t h r e e  c a l i b r a t i o n s  f r o m  t h e  b e a m  and ,  by  u s i n g  t h e  o p -  

t i c a l  t u b e  o f  t he  c a t h e t o m e t e r  13, f i x e d  on t h e  v e r n i e r  i n s t r u m e n t ,  t h e  f i n a l  p o s i t i o n  f r o m  t h e  e d g e  of t h e  

n o z z l e  i s  d e t e r m i n e d .  D u r i n g  r e c o r d i n g ,  c o n t r o l  o f  t h e  b e a m  c u r r e n t  on  t h e  c o l l e c t o r  i s  c a r r i e d  ou t .  T h e  

r e c o r d i n g  t i m e  i s  abou t  15 r a i n .  
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Fig .  4 

The r e l a t ionsh ip  between the p r e s s u r e  in the mixing  chamber  
and the p r e s s u r e  in the working chamber  (P0/Pk) is  v a r i e d  by using the 
f lap 12, which th ro t t l e s  the vacuum main  p ipe l ine .  The range  of m e a s -  
u r ed  dens i t i e s  is  l im i t ed  by the l i n e a r  pa r t  of the ca l i b r a t i on .  

Resul t s  of M e a s u r e m e n t s  and The i r  Ana lys i s ,  The expe r imen t s  
were  c a r r i e d  out on sonic nozz les  with a c r i t i c a l  c r o s s - s e c t i o n  d i a m -  
e t e r  of 3~ and 7 ram,  and a r e l a t i onsh ip  between the th ickness  of the 
nozzle  wall  and the d i a m e t e r  of ~0.02.  The condit ions of the e x p e r i -  
ments  a re  given in Table 1. The range of va r i a t ion  of the Reynolds 
number s  d e t e r m i n e d  accord ing  to the p a r a m e t e r s  of the c r i t i c a l  c r o s s  

sec t ion  is  R ,  = 187 to 1990. The range of r e l a t i onsh ip s  of the p r e s s u r e s  in the r e t a rd ing  c ha m be r  and in 
the working chambe r  P0/Pk a re  f rom 40 to 2500. Table  1 also ind ica tes  the d i s tance  up to the Mach d isk  

xM/d* : 0.67 ~ / p ~ ,  KM 

R is  the Knudsen number ,  d e t e r m i n e d  accord ing  to the d i a m e t e r  of the Mach d isk  d M = d* x ~ and ac -  
cording  to the length of the f r ee  run with a r e t a r d i n g  t e m p e r a t u r e  and p r e s s u r e  in the working c ha mbe r  Pk- 

F i g u r e s  2 and 3 give some r e s u l t s  of de t e rmina t ion  of the dens i ty  over  the axis of the s t r e a m .  The 
e x p e r i m e n t a l  condit ions a re  given under  the co r r e spond ing  number  in Table 1. 

The d e c r e a s e  in the p r e s s u r e  leve l  while main ta in ing  a constant  inca lcu lab i l i ty  P0/Pk (Fig.  4) does 
not a l t e r  the posi t ion of the shock wave which is  de t e rmined  accord ing  to the point of max imum posi t ive  
g rad ien t  and gives r i s e  only to an i n c r e a s e  of the zone between this  point and the beginning of wi thdrawal  
f rom the i s en t rop i c  d i s t r ibu t ion .  A s i m i l a r  r e s u l t  is  obtained by B i e r  [2] in m e a s u r i n g  the s t a t i c  p r e s s u r e .  

The d e p a r t u r e  of the obtained d i s t r ibu t ion  f rom the i s en t rop ic  d i s t r ibu t ion  is  obviously connected with 
i n c r e a s e  of the zone of fo rma t ion  of the Mach disk ,  and in the case  of s m a l l  i nca l cu lab i l i t i e s  it  can be ag-  
g rava ted  by the influence of l a t e r a l  j umps .  

The supe rpos i t ion  of the expansi~on p r o c e s s  on the format ion  of a shock wave leads  to the fact  that the 
r e l a t ionsh ip  of the dens i ty  on the Mach disk p 2 / P l  (P2 is the max imum dens i ty  and p I is  the min imum den-  
si ty) is  not d e t e r m i n e d  by the Hugoniot adiabat ic  curve ,  and in the case  of a d e c r e a s e  in the p r e s s u r e  level  
a t r an s i t i on  can take p lace  in the shock wave without an i n c r e a s e  in the dens i ty  (Figs .  2 and 3). 
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With a constant  R .  the d e c r e a s e  in Po/Pk leads  f i r s t  of a l l  to an i n c r e a s e  in the r e l a t ionsh ip  between 
the dens i t i es  P2/Pt, and then to a t r an s i t i on  through the maximum value,  and then a d e c r e a s e  takes  p lace  
(Fig.  5). The i n c r e a s e  in P2/Pl is  a s soc i a t e d  with the fact  that  the th ickness  of the shock waves d e c r e a s e s  
in p ropor t ion  to 1 / p k ,  while the d i s tance  up to the Mach d i sk  d e c r e a s e s  in p ropor t ion  to 1 / ~ ' ~ .  in o ther  
words ,  the d e c r e a s e  in Po/Pk l eads  to a d e c r e a s e  in the r e l a t i ve  influence of the expansion p r o c e s s .  The 
subsequent  d e c r e a s e  of p 2 / P l  takes  place  as a r e su l t  of the fact  that  the shock wave fo rms  in the region  of 
lower  Mach n u m b e r s .  

The posi t ion of the max imum re la t ionsh ip  of the dens i t i e s  P2/Pl depends on R . ,  and shi f ts  to the 
s ide  of l a r g e  va lues  Po/Pk with i n c r e a s e  of R . .  This r e la t ionsh ip  is  s a t i s f a c t o r i l y  d e s c r i b e d  by the r e l a -  
t ionship (Po/Pk)max = AR2 (Fig.  6, where  A is a c e r t a i n  constant) .  

F igu re  7 gives the r e s u l t s  of the expe r imen t  with a constant  Po/Pk. With i n c r e a s e  in R .  the ra t io  
P 2/P 1 i n c r e a s e s  b a s i c a l l y  as a r e s u l t  of the fact  that  the zone of shock waves con t r ac t s ,  the influence of 
sphe r i c i t y  d e c r e a s e s ,  and the fo rmat ion  of a shock wave begins at l a rge  Mach number s .  Subsequent de -  
c r e a s e  in the drop  in dens i t i e s  can be a s soc i a t ed  only with qual i ta t ive  va r i a t i on  of the flow in the region  of 
the Mach disk .  It i s  poss ib le  to make  the assumpt ion  that  for  the expe r imen t  under  cons ide ra t ion ,  where  
R .  = 1200 in the zone behind the r e f l ec t ed  jump of the compres s ion ,  a supe r son ic  flow begins  to fo rm,  
which has an e jec t ing  act ion on the cen t r a l  pa r t  of the flow (behind the Mach disk) .  Since this  p r o c e s s  b e -  
gins in the r e a r  face of the shock wave, the r e l a t i ve  dens i ty  p 2/P 1 d e c r e a s e s  somewhat .  

The ana lys i s  c a r r i e d  out shows that  the Maeh d isk  in the f ree  low dens i ty  s t r e a m  is a zone of shock 
t r ans i t i on  in a v iscous  expanding flow with poss ib l e  influence of t r a n s v e r s e  flows in the zone of the above-  
ment ioned s t a t i ona ry  discont inui ty .  

In the case  of constant  T O and Po/Pk the c r i t e r i o n  R .  r e f l e c t s  in e s sence  the influence of r a r e f a c t i o n  on 
the in tens i ty  of the Mach d isk .  The Knudsen c r i t e r i o n  K M = X/dM,  which is  de t e r m i ne d  f rom the g e o m e t r i -  
cal  d imensions  of the s t r e a m ,  e s p e c i a l l y  f rom the d i a m e t e r  of the Maeh d i sk  dM, and the mean  length of the 
f ree  run in the r e t a r d e d  gas behind the Mach d i sk  X,has c lose  c o r r e s p o n d e n c e .  
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The c r i t e r i on  

used  by Bie r  [2] and N. I .  Yushehenkova and the i r  col leagues  is e ssen t i a l ly  also a Knudsen number ,  which 
differs  f r o m  that ment ioned above by a constant  mul t ip le .  

F igure  8 r e p r e s e n t s  a genera l iza t ion  of expe r imen ta l  data  for  P2/Pl according to the p a r a m e t e r  KM. 
The conditions 1 to 2 co r r e spond  with those in Table  1. The r ight -hand branches  of the cu rves  of Fig. 5 
a re  quite sa t i s fac to r i ly  conf i rmed  by the genera l iza t ion .  

The invest igat ion r evea l s  a quantitative and qualitative connection between the intensi ty  of the Mach 
disk in the s t r e a m  of r a r e f i ed  gas with the densi ty  and the incalculabi l i ty .  In o rde r  to build a comple te  
qualitative model  of the init ial  pa r t  of the s t r e a m  behind the sonic nozzle  at low density,  it is n e c e s s a r y  to 
inves t iga te  the conditions of t rans i t ion  f r o m  the desc r ibed  viscous  flow to one in which the densi ty  var ia t ion 
on the shock wave will follow the Hugoniot adiabatic  cu rve .  
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